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Review: Lecture 5

m Composite Systems

e Tensor Product
» Tensor product allows parallel action

e Assembling System

» Tensor product of states and acts, graphs and
matrices

e Assembling Quantum System

» Assembling of independent quantum systems
have the tensor product as its state space
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Lecture 6: Quantum Gates

Bits and Qubits

e Definitions: bit and qubit

e Relation between bit and qubit
¢ Definitions: byte and qubyte

» Vector representation of qubits

Classical Gates

e NOT gate

e AND gate

* OR gate

e NAND gate

s REERSEA

¢ Sequential and Parallel Operations

Reversible Gates

¢ Motivation

e Controlled-NOT gate
e Toffoli gate

e Fredkin gate

2024/4/23

Quantum Gates

e Definition

e Geometric representation
e Phase shift gate

e Controlled-U gate

e Deutsch gate

* No-Clone Theorem

{Quantum Computing)




1. Bits and Qubits

m Definition: bit
e A bit is a unit of information describing a two-

dimensional classical system

> a bit is a way of describing a system whose set of
states is of size 2

> A bit can be either in state |0) or in state |1), i.e., a 2-
by-1 binary matrix

0|1 010
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1. Bits and Qubits

m Definition: qubit
e A quantum bit or a qubit is a unit of
information describing a two dimensional

quantum system

» We shall represent a qubit as a 2-by-1 matrix with
complex numbers

0| co The probability that the qubit
, will be found in state |1) after
Lla measurement

where |co|> + =1
(ROBIBAIR S 220204 TSRS 4 E R B EHIR)
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1. Bits and Qubits

m Relation between bit and qubit
1,007

lcol?

[co, c1]F =Cp - +c - = ¢0|0) + ¢1[1)
(5] 0 1

2
el

[0, 1]"

will be found in state |1). Whenever we measure a_qubit, it automaticall_v becomes a
bit. So we shall never “see” a general qubit. Nevertheless, they do exist and are the

2024/4/23 {Quantum Computing) 6



1. Bits and Qubits

m Byte and Qubyte
e 8 bits: 01101011

e Vector representation of bits

1 0 0 1 0 1 0 0

ol 111 11l 1ol |1l 1ol [1] |1

e Tensor product representation
RN e[0)e[1)®[0)®[1)® 1)

> Anelementof C?PCPC?C? C? C?® C?
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1. Bits and Qubits

m Byte m Qubyte
e 8 bits together e 8 qubits together
00000000 [ 0] 00000660 ¢ |
00000001 | 0 | |2°=256 complex 00000001 || ¢,
. . numbers to
: : indicate a qubyte : :

101101011 | 1 || VS 01101011 || c107
01101100 0 \ 01101100 C108
11111110 | 0 | |8binarynumbers | yy4441q9|| ¢y,
ma o] [ndeteabvte || exss |

where Zfiso lci|? = 1.
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1. Bits and Qubits

m A qubit pair (two qubits)

e Ket notation [0)® 1) or [0®1)

. 0
e \ector representation 1
> 4-by-1 matrix 10 | O

0

e Linear combination
> |¥) = ¢0,0|00) + ¢0,1|01) + ¢1,0/10) + ¢1.1/11)
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2. Classical Gates

m Classical logical gates
e Ways of manipulating bits

» Binary matrices

(2"-by-2") » (2"-by-1) = (2"-by-1)

[ | \

I Logical gate I I n input bits I I m output bits

2024/4/23 {Quantum Computing)
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2. Classical Gates

m NOT gate

0

2024/4/23

0

and
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NOT =

0 1

11



2. Classical Gates

m AND gate

ANDI|11) = [1)

1 1 1 0

0 0 0 1

2024/4/23

o o O

AND =

AND|01) = |0)

1 11 0

0 0 0 1

{Quantum Computing)
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2. Classical Gates

m OR gate

>

2024/4/23

OR =

{Quantum Computing)

1 0 0 O

0O 1 1 1
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2. Classical Gates

m NAND gate

00 01 10 11

NAND_OOOOl
1(1 1 1 O

0 1 1 1 1 0 0O 0 0 1
NOT » AND = * = = NAND
1 0 0O 0 0 1 1 1 1 0

2024/4/23 {Quantum Computing) 14




«hFEraFt: TREs RSBl

m ZEEFMN

$ 10 PvQ P | QO |=P| Q| -PA-Q ||-(—=PAr=Q)

L R i T|T| F F F y

T | F T Tl F1lE i F T

F | T i FI1T| T F F i §

F 3 F F | F i & i T F
-————- | PvO = ~(=Pr-0) |- - - - - -

o XTMRERM "8" #AILK "5" 1 "I B
KREF: (AANTERETIFE)Y , ChrisBernhardt?®, IECEFE, HURII R, 20205
2024/4/23 {Quantum Computing) 15




«Nrerat. TeeeEoERl ]

m FPEFMN

P|lQ|PDO P® Q = (PA-0)v(=PAQ)

T|(T| F JL

T | F T PvQ = —(=Pr=Q)

F|T T < b

F | F F P® Q = —(=(PA=Q)A(—(=PAQ)))
o XEIKE "Fa" AL ‘5" 1 "dE" B

KREF: (AANTERETIFE)Y , ChrisBernhardt?®, IECEFE, HURII R, 20205
2024/4/23 {Quantum Computing) 16



«hFEraFt: TREs RSBl

m fh/REREN

AP,O.R)

oo L - > I T T R I B e -
oS T - B S I L B U N @)

o I I I B> B I I R )

T BT 8 ME. MEME, EMAFHMIEE, it 2° Tl BRI %L
TAN=BARANE WL REL, FREBE L RE - A A BIFFE N

TRNo
KET: (AANFTTERETFITEY , Chris Bernhardt®, B C&RE, YR T H AL, 20204E
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«hFeraet Degsem oAl

m DIEEEEIE

P 1O | R | APOR)
< Sl il O F

f(P,O,R) = (PA—QARQY—~PAQA-R)V(—~PA-QA—R)
T| T | F F
TIF| T T PO = Py |
B L \(PYQ = 2(Pao0)
FlTlT F AIP,OR) = ﬂ(—|(P/\ﬂQ/\R)/\ﬁ(ﬁP/\QA—nR@—lP/\—‘Q/\—.R)
F I a I 4 ; I ;V_Q _-—_—I—TI): —1_Q)_I
F | R § F/r T e e e e e e =
F F F T —l(—l[ﬂ(ﬁ(P/\ﬁQ/\R)/\ﬁ(’ﬁP/\Q/\—|R))]/\ﬂ[ﬂp/\—\Q/\—lR])

o { "IF" , "5" } BN IEERENMRIEESE

2024/4/23

KREF: (AANTERETIFE)Y , ChrisBernhardt?®, IECEFE, HURII R, 20205
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«hrerawt: DIRescE SERl ]

m DIEEseEE
o 'Sl PTO=—(PrO)

P | PAP | —~(PAP) Plo| PO
1 T F <:| EITl %
F| F T T|F| T
Fle] %
PP =P F|I|F| T
— ‘
7 AR

o { "53F" } BRI INRECEHIM/RIZR

PAQ = =—(PAQ)
—~(PAQ) = PTQ
PAQ = —(PTQ)

PAQ = (PTOT(PTO)

— T~

57 AR S |

=)=

<

FET: CAANTERETFITE) , ChrisBernhardt®, DIE &, HUR TILHRRAE, 20204
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«hrerawt: DIRescE SERl ]

n SRR MBI
IR B SIET FE

(PTQO)T(PTQ)

|ﬁm%¢|$T

KETF: (AANTTHEREFITE) , Chris Bernhardt®, EOEICERE, PR TR, 20204
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2. Classical Gates

m Sequential operation

T A T B
\

| 2n-by-2m | | 2pby2n |

B x A, which is a (27-by-2") x (2"-by-2"") = (2P-by-2"") matrix

2024/4/23 {Quantum Computing)



®. (Cme’X(Can’ _>(Cmn><m'n'

2. Classical Gates

m Parallel operation

| 2n-by-2m
/
- A 7
!;m’ B Hm’
| 27-by2m |

A ® Bis of size 22" = 2n+n _py-2mpm = pmtm

2024/4/23 {Quantum Computing) 22



2. Classical Gates

— o e e e e e

o B
A | : (B® In_p)x A
— A — .
o Example
— >
i i OR +(NOT ® AND)
T
-

e o e o o - -
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2. Classical Gates

_______

1 N :
m Example 1 >
: I
: I
=D
® OR«(NOT® AND) = |
00001110
————————— 110 1 1 110 0000 O0O0O0 1
:NOT®AND1|_— & =
——————— 1 0 0 0 01 1 1100000
0001 0O0O0O
(5.51)
And so we get
00001110
OR « (NOT ® AND) = : (5.52)
1111 00 01
[

2024/4/23 {Quantum Computing) 24



2. Classical Gates

Tl
m Example 2 %}

® NOT xAND » (NOT ® NOT) = OR

000 1
S .o 1 0 1 0010
' NOT ® NOT & ® - , (5.54)
————————— 10 10 0100

100 0

This DeMorgan’s law corresponds to the following identity of matrices:

0 0 0 1
0 1 1 1 1 0 0 0 1 0 1 0 0 0
* * = (5.55)
1 0 0 0 0 1 01 0 O 01 1 1
1 0 0 O

2024/4/23 {Quantum Computing) 25



3. Reversible Gates

m Motivation
e Landauer's principle (1960s)

» erasing information, as opposed
to writing information, is what e ————
causes energy loss and heat creating energy.

» writing information is a reversible

procedure while erasing is not
e _ .
SRR [y SENG

|

Figure 5.4. Reversibility of writing. Figure 5.5. Irreversibility of erasing.

2024/4/23 {Quantum Computing) 26



3. Reversible Gates

m Motivation

e Bennett's thought (1970s)

> lrreversible->erasing->energy loss
> Reversible->no energy loss

e Reversible circuits and programs
» Examples: NOT, controlled-NOT,
Toffoli, Fredkin, ...

» Note: AND, OR gates are
irreversible

2024/4/23

computations performed per kilowatt-hour of energy expended (logarithmic scale)

T T T T T T 1
1940 1950 1960 1970 1980 1990 2000 2010
r

A # Dell Optiplex GXI

486/25 and 486/33

Desktops
mpaq Deskpro 386/20e

§ Regression results:
N =80

P R Adjusted R-squared = 0.983
L Comps/kWh = exp(0.4401939 x year - 849.1617)
Average doubling time (1946 to 2009) = 1.57 years

{Quantum Computing)

Source: https://www.americanscientist.org/article/computers-that-can-run-backwards
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*hNFERAEL . BIl]

_NINESTVINESE 3\

1] SIS
A | i A i
0 0f O B | #HAL
0 1 0 0o(o| o0 0
1 0| O 01 1 0
I 1 1 1{o] 1 0
1{1] o 1

\/
/N

m B[ ) SR IARREL
o HE—ERY, BEETURERA?

KETF: (AANTTHEREFITE) , Chris Bernhardt®, EOEICERE, PR TR, 20204
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3. Reversible Gates

m Controlled-NOT gate

® [z, y— |z, xDy)

Ix) |x) 0 01 10 11
01 0 0 0
01| 0 1 0 O
0|0 0 0 1

|y) & Ix @ y) nlo o 1 0.

e controlled-NOT gate can be reversed by itself
|x) |x) |x)

4 L 4

ly) |x ® y) ) xXDxDYy) = |y

N

[
J/
1/
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3. Reversible Gates

m Toffoli gate / doubly-controlled gate

o |z, y, 2>z, y, 28 (xN\y))

2024/4/23

|x)

|x)

000
001
) 010

|z)

* 011
100
101
110

1Z@ (x A y))

Y
3V

111

000 001 010 011 100 101 110 111
1 0 0 0 0 0 0 0 |

o O O o O o O
o o o o o =
o O O o O = O
o o o o = o O
o o o = O O O
o O O O O O
_ o © © o Cc o
o = o O O O O
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3. Reversible Gates

m Toffoli gate
e A gate with three controlling bits

|x) |x)

1y) ly)

|0) & 0® (zN\y)) =z A _a;)o 0y =10 (zAy) & (z/N\y))
|2) |2)

lw) 1 lw® (x Ay A z))

2024/4/23 {Quantum Computing)



3. Reversible Gates

m Toffoli gate

e Toffoli gate is universal (JBHI])

VRS2
Ix) Ix) 1) ) 1) 1)

ly) ly) 1) 1) ly) ly)

10) X Ay) 12) |—2) |y)

™

T

L
D D

s “ |0)
AND gate NOT gate | ﬁﬂjﬂﬁj fanout gate

2024/4/23 {Quantum Computing)
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3. Reversible Gates

m Fredkin gate / controlled swap gate

e [0, y, 2»)—10,y, 2) and |1, y, 2) — |1, 2, v

|x) | x)

1Y) ly")

|z) 1Z)
2024/4/23

000
001
010
011
100
101
110
111

000 001 010 011 100 101 110 111

1 0 0 O O 0 0 O
o 1 0 0 0 0 0 0
0O 0 1 0 0 0 0 0
0O 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0O 0 0 0 0 0
0 0 o0 o0 o0 |1 of o
o 0o O 0 0 0 0 1
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3. Reversible Gates

m Fredkin gate

e Fredkin gate is (also) universal

) ) |x) |x)

0) \ lx A 2) 1) —x)

|2) [(=x) A 2) |0) |x)
AND gate NOT gate

2024/4/23 {Quantum Computing) 34



4. Quantum Gates

m Definition: quantum gate

e A quantum gate is simply an operator that acts on
qubits. Such operators will be represented by unitary
matrices

m Remarks

e Reversible matrix operators that work on classic bits also
work on qubits, e.g., NOT, CNOQOT, Toffoli, and Fredkin
gates

e Some matrix operators only make sense in a quantum
context, e.g., Hadamard (H) gate

2024/4/23 {Quantum Computing)



4. Quantum Gates

e Examples

. . 0 1 0 —i 1 0
> Pauli matrices: X= . Y= . Z= .
1 0 i 0 0 -1

1(1+i 1—i
» Square root of NOT: VNOT=§<1_§. 1+§’>

1

> Some others: H{
V2

S Sl

» Phase shift gate, Controlled-U gate, Deutsch gate

2024/4/23 {Quantum Computing)
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*NFERE

NOT,
CNOT,
Toffoli.

Fredkin,

AND, OR, XOR. ... Pauli, Hadamard,
Square root of NOT,

Phase. ......

Z T E] 5]
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Supplementary material

m Geometric representation of 1-qubit state
1Y) = ¢o0l0) + c1]1)

e 4 real numbers -> 2 actual degrees of freedom
W) =roe'®|0) +ry e 1)

e Reasons

» Scale multiplication does not change state (4->3)
E_f¢“|w) — ¢ 1% (ro e"‘f’”|0) + 1y e 1)) = rol0) + 1y '@ _\¢”}|1)

> Normalization (3->2) ¢
2 2 2 2
1 = |col|” + |1 |:> rg+ry =1
~— )
(RLSIEARR S 22019 R 24U E £ TR B T E T T B FSHMR) ro = cos(0) and r;, =sin (6)
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Supplementary material

m Geometric representation of 1-qubit state
) = cos(8)|0) + €' sin(6)|1)

e Latitude: 0<94

s
2
e Longitude: 0<¢ <27

e Problem
> (0, ¢) vs (m—0, ¢+ )

Figure 5.6. Bloch sphere.

2024/4/23 {Quantum Computing) 39



Supplementary material

m Geometric representation of 1-qubit state

e New Bloch sphere
0)

v)

1)
Figure 5.6. Bloch sphere.
(RAH5AS F 220198 A R EZF M IE X FREFREN KL ETFSHIFRR)

2024/4/23

9> =cos(0) 0> +e“sin(0) |1)

y:

X = CoS ¢ sin 26,
y = sin 26 sin ¢,

Z = cos 26.

where oses% and 0 <¢<2r

{Quantum Computing)
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Supplementary material

m Geometric representation of 1-qubit state

e New Bloch sphere (cont.)

> Bit locates in the north or
south pole

» Measurement probability
depends on the latitude 26

» Qubit on the equator has a
50-50 chance of collapsing
to either [0) or [1)

> Phase (longitude) shift
1) does not affect the

Figure 5.6. Bloch sphere. coIIapsing probability
(RAIHSASR F E20202% 41 BIBFEF L IE X T lati tude BIAH B HEIR)
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Supplementary material

m Geometric representation of operator

e Dynamics

> every unitary 2-by-2 matrix (i.e., a one-qubit operation)
can be visualized as a way of manipulating the sphere

] ‘ 0> ]::‘

Figure 5.7. A rotation of the Bloch sphere at y.
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)

4. Quantum Gates  \

m Phase shift gate i

1 0
2> R(@0) = (5.95)

O 6@'9

This gate performs the following operation on an arbitrary qubit:

. cos(0") cos(0’)
cos(0)|0) + €'¢sin(0")|1) = | > _ . (5.96)
e'? sin(9’) e”'? sin(#’)

This corresponds to a rotation that leaves the latitude alone and just changes the
longitude. The new state of the qubit will remain unchanged. Only the phase will

change.

(RRHSARFE 2018 R EHIR[EF 45 E L TIHEH I ) EMERRAVEEIR)
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4. Quantum Gates

m Controlled-U gate or U gate

e |IF-THEN statement
0, y> — 1[0, y» and |1, yp> — (1, Uy)

2024/4/23

U = > U=

c o o

ST N e T

{Quantum Computing)
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4. Quantum Gates

m Deutsch gate D(6)

(1, 1, R(®)z), if [x) = |y> = |1
® |xX,y,2)= .
X, v, z), otherwise
|x) |x)
|y) |y)
12) 1Z)
R(9)

2024/4/23 {Quantum Computing)
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4. Quantum Gates

m Universal gates

e Universal logic gates

> {AND, NOT}
> NAND
> Toffoli
> Fredkin

e Universal quantum gates

> (oot R(cos” (3))]

> D(6)

2024/4/23 {Quantum Computing)



4. Quantum Gates

m Properties of quantum gates

e Every operation must be reversible

e No-cloning Theorem*

» We can "cut" and "paste" a quantum state
» We cannot "copy" and "paste" a quantum state

(* See the following supplementary material)
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Supplementary material

m No-Cloning Theorem

e Assume there is a potential cloning operation ¢
> It would be a linear map (indeed unitary!)
C:VRV — VRV

> To clone |z)
C(lzy ®10>) = |z) ® [z)

- When |z) are basic states

C(10> ® [0)) =10> @ [0 and C(|1) ®@[0>) =[1) ® [1)
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Supplementary material

When |z) are superposition state c,|0) + ¢, [1)

C((e0]0> +ei]1)) ®10))
=C(co(]0> ® [0>) + ¢, (1) ® 10>)) % Tensor product distributes over addition
=¢,C(]0) ® [0)) + ¢, C(|1) ® 10>) % C is a linear operation
=co(|0> ®(0)) + ¢ (|]1) ® |1)) % clone when |z) is basic state
=+ (co]0) +¢111)) ® (cg]0> +¢111>) % definition of clone operation

When C is a linear operation, clone is not permitted
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Supplementary material

m No-Cloning Theorem

e Consider a transporting operation T
» It would be a linear map too
T:VRV — V®V

» To transport|z)
T(lz) ® 10>) =10) ® |z)

- When |z) are basic states

T(10> ®10>) =10> ® [0) and T([1) ®[0)) =100 ® [1)
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Supplementary material

When |z) are superposition state c,|0) + ¢, [1)

T((co|0> +cl1)) ®[0))
=T (co(]0) ® [0)) + ¢ (]1> ® 10>)) % Tensor product distributes over addition
=coT(|10) ®|0>) +c:T(|11) ® |0>) % T is a linear operation
=¢co(|0> ® 0)) +¢,(]0) ® 1)) % clone when |z) is basic state
= 0> ® (co|0> +c1]1)) % definition of transport operation

When T is a linear operation, transport is permitted
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Conclusion

1. Bits and Qubits
> Definitions and their relation

2. Classical Gates
> NOT, AND, OR, and NAND gates
> DREeESEAl]
> Sequential and Parallel Operations

3. Reversible Gates
> Controlled-NOT, Toffoli, and Fredkin gates

4. Quantum Gates
» Definition
» Geometric representation
» Phase shift, Controlled-U, and Deutsch gates
»> No-Clone Theorem

2024/4/23 {Quantum Computing)
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